Introduction and preliminaries First definitions
We define a fibration, or fibred surface to be the data of a smooth projective surface X with a surjective morphism f to a smooth complete curve B. We also assume that f has connected fibres. Recall that such a morphism is automatically flat and proper, and that the general fibre of a fibration is smooth. The genus of the general fibre is called genus of the fibration.
Define a (-1)-curve (respectively a (-2)-curve) to be a nonsingular rational curve C ⊂ X with self-intersection -1 (respectively -2). We call a fibration relatively minimal if the fibres contain no (-1)-curves. A relatively minimal fibration is said to be semistable if all the fibres are reduced nodal curves. A hyperelliptic fibration is a fibred surface whose general fibre is a hyperelliptic curve.
Given a smooth variety X of dimension n, let ω X = Ω n X be its canonical line bundle. As usual, the relative canonical sheaf of a fibration f : X → B is the line bundle ω f = ω X ⊗ (f * ω B ) −1 .
The slope inequality
If f : X → B is a non-isotrivial fibration of genus g ≥ 2, then deg f * ω f > 0, and we can consider the ratio
This is an important invariant of the fibration, called the slope. The Grothendieck-RiemannRoch Theorem (in this form classically known as Noether's inequality) gives the upper bound s(f ) ≤ 12, which is achieved when all the fibres are smooth (e.g. for the so-called Kodaira fibrations). The search for a sharp lower bound has been more difficult. The bound is given by the following inequality, which we call slope inequality:
that is, s(f ) ≥ 4(g − 1)/g. This was independently found in the eighties by Xiao ([X] ) and by Cornalba-Harris ([C-H] ). However, Cornalba and Harris dealt only with semistable fibrations, as their interest was in the applications to the moduli space of stable curves M g . In particular, they derived the slope for non-hyperelliptic semistable relatively minimal fibrations as a corollary from a more general result (Theorem (1.1) of [C-H] ). On the other hand, the hyperelliptic semistable case was obtained by an ad hoc argument, relying on an identity in the rational Picard group of the hyperelliptic locus of M g , also proved in [C-H] . One might hope that, using semistable reduction, it could be possible to reduce the proof of the slope inequality for any fibration to the semistable case. However, as observed by Barja in chapter 4 of [Bar] , this is not true: the reason is that the semistable reduction process involves base changes that ramify also on points of B which correspond to non-semistable fibres, and with this kind of operation the control on the slope is lost.
In this paper we present a generalisation of the Cornalba-Harris method which applies to hyperelliptic fibrations as well as to non-hyperelliptic ones, and allows us to give a new proof of the slope inequality for any relatively minimal fibred surface. The main result of Cornalba and Harris needs strong information on the general fibre, but only weak information on the special ones; in particular, these need not be nodal curves, or even reduced curves. This make it possible, with some care, to push their argument through for any non-hyperelliptic fibration. On the other hand, the assumptions of the main result of [C-H] are definitely too strong to cover the hyperelliptic case. In Section 2 we manage to weaken these assumptions, proving an improved version of the Cornalba-Harris result; in Section 3 and 4 this is applied to the non-hyperelliptic and to the hyperelliptic case, respectively. I am very grateful to Maurizio Cornalba, who has initiated me to this subject. I also wish to thank Miguel Angel Barja for helpful conversations, and Rita Pardini for useful comments on the paper.
The Cornalba-Harris method
Stability of morphisms to P s Let G be a complex reductive algebraic group and V a finite dimensional representation of G. A nonzero element v ∈ V is said to be GIT semistable if the closure of its orbit does not contain 0; it is said GIT stable if its stabiliser is finite and its orbit closed. Recall that a necessary and sufficient condition for the semistability of v ∈ V is the existence of a nonconstant homogeneous polynomial f ∈ Sym(V ∨ ) such that f (v) = 0.
Let X be a variety with a morphism ψ : X → P s . Consider, for h ≥ 1, the associated homomorphism
Suppose that this is nontrivial for large enough h and call F h its image. Set N = N (h) = dim F h and take exterior powers
Working, as we will, up to homothety, we can fix an isomorphism of ∧ N F h with C, and hence think of ∧ N ϕ h as a nonzero linear functional on
Observe that if X is a smooth curve and ψ is an embedding, then for h >> 0 the homomorphism ϕ h is surjective and ∧ N ϕ h is the so-called h-th Hilbert point associated to ψ. For large h this determines X as a subvariety of P s .
The standard action of SL(s + 1, C) on C s+1 induces a dual action on H 0 (P s , O P s (1)), and hence linear actions on
) and on its dual.
Definition 2.1. We say that the morphism ψ is (semi)stable if there are arbitrarily large values of h such that the associated morphism ϕ h is nontrivial and ∧ N ϕ h is GIT (semi)stable with respect to the SL(s + 1, C)-action described above.
The main theorem
Theorem 2.2. Let f : X → B be a flat proper morphism from a variety X to a smooth complete curve B. Let L be a line bundle on X such that for general
, and coincides with it for general b ∈ B. Let N = rank G h , and set
Then, for arbitrarily large values of h, there is a positive integer m, depending only on h, r and N , such that the line bundle L m h has a nonzero section. This statement is both a restriction and a generalisation of Theorem (1.1) of [C-H] . It is a restriction because that theorem works for families of varieties with base of any dimension and no smoothness assumptions. On the other hand, it requires the line bundle L h to give a semistable embedding on the general fibre. But in fact the proof works with almost no changes, as semistability is the crucial hypothesis.
This generalisation sounds a little unnatural because, as GIT is mainly used to construct moduli space, GIT stability is usually defined for line bundles whose associated morphisms encode all the informations about the variety, as in the case of the Hilbert point of a smooth curve. But the method of Cornalba and Harris does not need all this, and, as we shall see below for the hyperelliptic case, gives interesting inequalities even with the weaker assumption we introduced. The argument below is an adaptation of the proof of the Cornalba-Harris theorem given in chapter 14 of [ACGH2] .
PROOF: Throughout the proof, b is a general point of B. Consider the morphism
Passing to the fibres of the sheaves on b, it becomes
which is surjective for large enough h according to the assumption. Fix an isomorphism G h ⊗ k(b) ∼ = C. Take the exterior power
The fibre of ∧ N γ h at b is the homomorphism ∧ N ϕ h , which is GIT semistable for arbitrarily large values of h by hypothesis. Therefore there exists a homogeneous polynomial
. We may assume (simply taking a power of P if necessary) that the degree of P is mr, where m is an integer depending only on h, r and N . We would like to stress that the construction above doesn't depend on the choice of b, for the simple reason that any vector bundle on a smooth curve is trivial on an open dense set. Now the idea is to somehow "evaluate P on ∧ N γ h ". The result will be the section we wish to construct. To make sense out of this it is convenient to work in a slightly more general setting.
Consider a vector bundle E of rank r and a line bundle H on B and a complex holomorphic representation ρ :
Composing the transition functions of E with ρ, we can construct a new vector bundle E ρ with typical fibre V and structure group GL(r, C). Suppose that we are given a bundle homomorphism ϑ : E ρ → H and a GL(r, C)-invariant subspace W ⊆ Sym k V , and let σ : GL(r, C) → GL(W ) be the representation obtained by restriction from Sym k ρ. Thus, there are an inclusion of vector bundles E σ ֒→ Sym k E ρ and, by composition with Sym k ϑ, a homomorphism Θ :
The section we wish to construct will be a special instance of Θ. We take E = f * L, H = det G h , and choose as ρ the N -th exterior power of the h-th symmetric power of the standard representation µ :
and we may take as ϑ the homomorphism ∧ N γ h . As for W , our choice for it is the line in Sym mr V generated by P . As P is SL(r, C)-invariant, W is GL(r, C)-invariant. More precisely, given an element M ∈ GL(r, C), if we write M = (det M ) 1/r U , where U ∈ SL(r, C), the action of M on P is the following:
It follows that in our case E σ is the line bundle (det f * L) hN m and Θ is the composite homo-
which is nonzero by the definition of P .
Application: inequalities in Pic(B)
As a consequence of Theorem 2.2, the degree of the line bundle
has to be greater or equal to 0. We now compute this degree under some assumptions. Suppose first that G h = f * L h . As X is smooth by hypothesis, we can use the Riemann-Roch Theorem, obtaining
Let d be the relative degree of L. By Riemann-Roch on the general fibre, N = dh − g + 1 for large enough h.
for h >> 0. This implies that the leading coefficient is ≥ 0, so we get the inequality
More generally, if we suppose that N is of the form αh + const. and deg G h of the form βh 2 + O(h), then the following inequality holds:
3 Slope for non-hyperelliptic fibrations
Here we apply Theorem 2.2 to a non-hyperelliptic relatively minimal fibration choosing L = ω f . The conditions of the theorem are satisfied, simply because the general fibre X b is smooth, and the restriction of ω f to X b is the canonical sheaf ω X b by the adjunction formula. Indeed, for a smooth non-hyperelliptic curve, the canonical embedding is stable, as shown for example in [Gie] . All we need to do is to compute deg R 1 f * ω h f , in order to write explicitly the inequality. We show that R 1 f * ω h f vanishes applying the following result (whose proof is given below). 
As is well known, reldeg ω f = deg(ω f ) |X b = 2g − 2 > 0, and if D is an irreducible component of a fibre, deg(ω f ) |C ≥ 0, equality holding if and only if D is a (-2)-curve. Therefore the relative canonical sheaf ω f satisfies the assumptions of the proposition.
We are now ready to apply Theorem 2.2. Observe that rank
which is exactly the slope inequality.
Proof of Proposition 3.1
While this result is trivial when all fibres are reduced, when dealing with a general fibration one has to be careful in handling non-reduced fibres, as we will see.
By base change it is sufficient to prove that h 1 (X b , L h |X b ) = 0 for large enough h for every b ∈ B. Clearly this is true on the general (smooth) fibre, so R 1 f * L h is at most a torsion sheaf. By duality for embedded curves
We therefore need to prove that this last number is 0 for every b ∈ B. First of all we need to recall the following result about fibrations.
Lemma 3.2. (Zariski's Lemma) Let X f → B be a fibred surface. Let {C i } i∈I be the set of the irreducible components of a fibre X b . Then we have:
Let F be a fibre of a fibration. We say that F is a multiple fibre if the G.C.D. of the multiplicities of its components is > 1.
Recall that a compact connected divisor D on a smooth surface is said to be 1-connected if (C 1 .C 2 ) ≥ 1 for any effective decomposition
An immediate application of Zariski's Lemma is the following be an effective decomposition of F such that (F 1 .F 2 ) ≤ 0. By point (1) of Zariski's Lemma (F 1 ) .2 = −(F 1 .F 2 ) ≥ 0; by (2) (F 1 ) .2 has to be 0, and using (3) we deduce that there exist p, q ∈ Z, q = 0, such that qF 1 = pF . As F 1 is strictly contained in F , p < q. Clearly q has to divide the product of p and the G.C.D. of the multiplicities of the components of F . So we conclude that F is a multiple fibre.
With all this settled, Proposition 3.1 is easily implied by the following result:
Lemma 3.4. Let F be a fibre of a fibration. Let L be a line bundle on F with negative total degree and non-positive degree on every irreducible component of F . Then H 0 (F, L) = 0.
PROOF: according to Lemma 3.3 F has to be of the form mE with E 1-connected, m > 0. We split the proof in two parts: A) m = 1: so F is 1-connected. Let s be a section of H 0 (F, L). Suppose that s = 0. Choose a decomposition F = C 1 + C 2 such that C 1 ≤ F is maximal with respect to the property s |C 1 ≡ 0. This is an effective decomposition, unless s is constant. Consider the map of sheaves O F → L(−C 1 ) associated to the section s and tensor it with O C 2 :
By the maximality property of C 1 , this morphism is injective. Let Q be its cokernel. As the first two sheaves are locally free of rank 1 over C 2 , the sheaf Q is torsion. Therefore deg Q = h 0 (Q) ≥ 0. If s were constant, C 1 would be the whole F and Q would be 0. This would imply that L ∼ = O F and in particular that deg L = 0, a contradiction. Suppose s is not constant. Using the Riemann-Roch theorem, we obtain that
contrary to the assumption of 1-connectedness. We have thus proved that H 0 (D, L) = 0 in the 1-connected case (notice that so far we haven't used the fact that F is a fibre of a fibration). B) m > 1: we proceed by induction on m. Fix i such that 1 < i ≤ m, and suppose that
and tensor it with L. Passing to cohomology we get:
The last space is 0 by the induction hypothesis. As for the first one, observe that the line bundle
and its degree on the connected components of E equals the degree of L by Zariski's Lemma. Applying part (A), concludes the proof.
It is clear that (ω f ⊗ L −h ) |X b satisfies the conditions of Lemma 3.4 when h is large enough. Proposition 3.1 is thus proved.
Slope for hyperelliptic fibrations
Let f : X → B be a hyperelliptic fibration and X b a general fibre. The canonical line bundle ω X b = (ω f ) |X b induces a morphism ψ to P g−1 that factors as follows:
where ϕ is a double cover ramified on the Weierstrass points of X b and v is the Veronese embedding of degree g − 1. Note that ω X b = ψ * (O P g−1 (1)) = ϕ * (O P 1 (g − 1) ). Let's consider as usual the morphism Sym h f * ω f γ h → → F h ⊂ f * ω h f . Observe that the homomorphism associated to ψ factors as follows:
So in particular rank F h = h 0 (P 1 , O P 1 (h(g − 1))) = h(g − 1) + 1.
Semistability in the hyperelliptic case
Let X b be the general fibre of the fibration. We need to show that the map
is semistable. Diagram (4) shows that this map coincides with the map induced by the Veronese embedding P 1 ֒→ P g−1 :
Sym h H 0 (P 1 , O P 1 (g − 1)) → → H 0 (P 1 , O P 1 (h(g − 1))).
The SL(g, C)-action is induced by the isomorphism H 0 (X b , ω X b ) ∼ = H 0 (P 1 , O P 1 (g − 1)). We are therefore reduced to verifying the semistability of this embedding. This can be derived from the following powerful result (c.f.r. [K] ):
